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Early local equilibration of a hot medium created in high-energy heavy ion collisions has been one
of the long standing issues in hadron physics. The glasma model predicts that the medium initially
has a large amount of high-momentum gluons but few quarks. We develop a phenomenological model
based on collinear splitting and recombination of quarks and gluons for a simplified description of
thermalization and chemical equilibration. We find that both could be achieved in a short time but
chemical equilibration is slower than thermalization.
PACS numbers: 25.75.-q, 12.38.Mh, 12.38.-t, 51.10.+y
I. INTRODUCTION
The quark-gluon plasma (QGP) [1] exhibits near-
perfect fluidity [2] around the quark-hadron crossover
in “Little Bangs” at the Relativistic Heavy Ion Col-
lider (RHIC) in Brookhaven National Laboratory and the
Large Hadron Collider (LHC) in European Organization
for Nuclear Research. The QCD system in high-energy
heavy ion collisions is considered to go thorough several
stages from color glass condensate (CGC) [3] to glasma
[4], QGP/hadronic fluid, and hadronic gas. In the past
decades, there have been significant developments in the
theoretical and numerical studies of relativistic viscous
hydrodynamics [5] and hadronic transport [6, 7] so that
they now succeed in describing quantitatively the dynam-
ics of the bulk medium after local equilibration. Investi-
gation of the pre-equilibrated medium is expected to be
a next frontier of the QCD collider physics.
Large azimuthal anisotropy in momentum space ob-
served in the heavy ion experiments suggests the local
equilibration of the medium occurs in less than ∼ 1
fm/c. The early equilibration of the quark-gluon matter
has been a topic of great interest especially because the
glasma picture seems to exhibit large pressure anisotropy
in the longitudinal direction partially due to rapid expan-
sion of the system. So far various theoretical frameworks
have been proposed to understand local equilibration of
the hot and dense medium [8–45].
The CGC model indicates that the energy of collid-
ing nuclei is mostly carried by gluons at high-energies
and the gluon distribution is saturated at ∼ 1/αs up to
the saturation momentum Qs. This implies that the dis-
tribution has relatively large amount of high-momentum
gluons compared to the thermal equilibrium distribution
with the same momentum density. It is also important to
note that a thermalized quark-gluon plasma should have
large portion of quarks [46] while the CGC has very few of
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them. Thus in addition to isotropization, local equilibra-
tion of a heavy ion system would require thermalization
and chemical equilibration of quarks and gluons.
In this work, we focus on describing thermal and chem-
ical equilibration in a transverse direction and discuss
collinear parton splitting for a source of quick production
of low-momentum gluons and equilibrated quarks. Here
we define thermalization in each direction and treat it as
a separate issue from isotropization as the latter does not
necessarily mean the former. We introduce the recombi-
nation processes as required by the second law of ther-
modynamics and consider momentum smearing effects by
Fokker-Planck-type diffusion for supplying off-shell par-
tons. Numerical estimation is performed for qualitative
understanding of the dynamical effects of collinear split-
ting and recombination on the parton distributions.
Our model shares some philosophy with parton cascade
[8–10, 17], bottom-up thermalization [11, 15, 16, 20], and
recent Bose condensate approaches [42, 43] but differs
from those methods in several aspects. Firstly, we aim
to provide a simple and phenomenological framework of
equilibration processes in a hot QCD matter and do not
explicitly utilize Boltzmann equation. Secondly, recom-
bination processes are introduced from the viewpoint of
the second law of thermodynamics. Thirdly, we explicitly
consider quarks and chemical equilibration of the system
for describing the transition from gluon condensate to
quark-gluon plasma.
This paper is organized in the following manner. In
Sec. II, we model collinear splitting and recombination
of quarks and gluons in the pre-thermalization stage.
The off-shellness of partons are assumed to be provided
by parton-medium interactions, which is implemented in
the relativistic Fokker-Planck equation. We present nu-
merical simulations of thermal and chemical equilibration
from a color glass-like initial condition in one-dimensional
non-expanding systems in Sec. III. Sec. IV is devoted for
summary and future prospects. We use the natural units
c = ~ = kB = 1 in this paper.
2II. COLLINEAR PARTON SPLITTING MODEL
We consider modification of quark and gluon phase-
space distributions implied from collinear splitting and
recombination processes. Effects of medium interaction,
which induce smearing in momentum space, are taken
into account via the drag and the diffusion effects of the
relativistic extension of Fokker-Planck equation.
A. Collinear parton splitting
A parton phase-space distribution f is modified when
a splitting process occurs. Here we consider quarks
and gluons for partons, i.e., f = {fg, fq}. We assume
quarks and antiquarks are equal in number and include
qq¯ degrees of freedom in the quark distribution. Pos-
sible processes are (a) gluon splitting into two gluons
g → g + g, (b) quark/antiquark splitting into a gluon
and a quark/antiquark q/q¯ → q/q¯ + g, and (c) gluon
splitting into a quark-antiquark pair g → q+ q¯. The cor-
responding diagrams are shown in Figs. 1 (a)-(c). One
splitting of a parton with momentum pi into two with
momentum fractions zpi and (1 − z)pi where 0 ≤ z ≤ 1
alters the distribution as
f(pi)→ z−df
(
pi
z
)
+ (1− z)−df
(
pi
1− z
)
, (1)
where d is the number of dimensions. This satisfies the
fact that the process should double the number density
and conserve the momentum density:
2
∫
dpd
(2pi)d
f(pi) =
∫
dpd
(2pi)d
[
z−df
(
pi
z
)
+ (1 − z)−df
(
pi
1− z
)]
, (2)
∫
dpd
(2pi)d
pjf(pi) =
∫
dpd
(2pi)d
pj
[
z−df
(
pi
z
)
+ (1 − z)−df
(
pi
1− z
)]
. (3)
This implies that the time evolution of the phase space
distribution by collinear splitting is phenomenologically
expressed as
∂fg(pi)
∂t
|sp = 1
2
∫ 1
0
dz rgg(z)[f
z
g (pi) + f
1−z
g (pi)− fg(pi)]
+
∫ 1
0
dz rgq(z)f
z
q (pi)−
∫ 1
0
dz rqg(z)fg(pi)
≡ Cgsp(pi), (4)
∂fq(pi)
∂t
|sp =
∫ 1
0
dz rgq(z)[f
1−z
q (pi)− fq(pi)]
+
∫ 1
0
dz rqg(z)[f
z
g (pi) + f
1−z
g (pi)]
≡ Cqsp(pi), (5)
p
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FIG. 1. Diagrams of (a) splitting of a gluon into two glu-
ons, (b) gluon emission from a quark/antiquark, and (c) pair
production of a quark and an antiquark from a gluon. Their
reverse processes are shown in (d), (e), and (f), respectively.
where the distributions of the split partons are expressed
as fz(pi) ≡ z−df(piz ) and f1−z(pi) ≡ (1 − z)−df( pi1−z ).
The factor 1/2 is for identical particles. rgg(z), rqg(z),
and rgq(z) determine the rates for the initial parton be-
ing split into two with the momentum fractions zpi and
(1 − z)pi, which would be expressed with the splitting
functions Rgg, Rgq, and Rqg [47] as
rgg(z) = Rgg(z)Γ = 2CA
[1− z(1− z)]2
z(1− z) Γ, (6)
rgq(z) = Rgq(z)Γ = CF
1 + (1− z)2
z
Γ, (7)
rqg(z) = 2NfRqg(z)Γ = 2NfTR[z
2 + (1− z)2]Γ, (8)
where CA = Nc, CF = (N
2
c − 1)/Nc, and TR = 1/2. Nf
is the number of flavors and Nc is that of colors. One
has 2CA = 6, CF = 4/3, and 2NfTR = 3 when Nc = 3
and Nf = 3. Γ is the emission rate of a parton. The
splitting functions prefer the emission of soft gluons and
have infrared divergences at z = 0 and 1 for Rgg(z) and
at z = 0 for Rgq(z).
Here we make a rough estimation of the splitting rate
Γ. It should be proportional to the coupling αs as it
is a one-vertex process. The transverse momentum Q
transferred from the medium while a parton travels the
distance L is given as Q2 ∼ qˆL where qˆ is the transport
coefficient for momentum diffusion. The rate should be
dependent on Q as it is the only scale; this implies Γ ∼
αsQ in the rest frame. In the Lorentz boosted frame this
should be modified as Γ ∼ αsQ(Q/p) ∼ αsqˆL/p where
3p = |p|. Since L ∼ 1/Γ for high-energy partons, we have
Γ ∼ α1/2s
(
qˆ
p
)1/2
. (9)
In a thermal medium, one obtains Γth ∼ α3/2s T in terms
of the temperature T since qˆ ∼ α2sT 3. It is important to
note that the momentum transfer in a thermal medium
Q ∼ α1/4s T is larger than the effective mass mth ∼ α1/2s T
when the running coupling does not exceed unity, be-
cause this implies that the splitting is kinetically allowed.
It should also be noted that the estimated coefficient re-
flects weakly-coupled nature of perturbation theory.
B. Parton recombination
The splitting process should be suppressed when glu-
ons become sufficiently dense because the second law of
thermodynamics requires that the system is stable at lo-
cal equilibrium. This can be phenomenologically imple-
mented by introducing parton recombination terms in
analogy to the Balitsky-Kovchegov (BK) equation [48].
Figs. 1 (d)-(f) show the diagrams of such processes. Since
the recombination rate should be determined by the den-
sities of combining patrons rather than that of combined
partons and completely cancel the splitting rate at equi-
librium, one may express recombination as
∂fg(pi)
∂t
|rc = −1
2
∫ 1
0
dz r˜gg(pi, z)
× f
z
g,eq(pi) + f
1−z
g,eq (pi)− fg,eq(pi)
fg,eq(zpi)fg,eq((1− z)pi)
× fg(zpi)fg((1− z)pi)
−
∫ 1
0
dz r˜gq(pi, z)
fzq,eq(pi)
fg,eq(zpi)fq,eq((1− z)pi)
× fg(zpi)fq((1− z)pi)
+
∫ 1
0
dz r˜qg(pi, z)
fg,eq(pi)
fq,eq(zpi)fq,eq((1− z)pi)
× fq(zpi)fq((1− z)pi)
≡ Cgrc(pi), (10)
∂fq(pi)
∂t
|rc = −
∫ 1
0
dz r˜gq(pi, z)
f1−zq,eq (pi)− fq,eq(pi)
fg,eq(zpi)fq,eq((1 − z)pi)
× fg(zpi)fq((1− z)pi)
−
∫ 1
0
dz r˜qg(pi, z)
fzg,eq(pi) + f
1−z
g,eq (pi)
fq,eq(zpi)fq,eq((1− z)pi)
× fq(zpi)fq((1− z)pi)
≡ Cqrc(pi), (11)
where r˜(p, x) represents the rate for parton recombina-
tion constrained from momentum conservation and the
requirement that it satisfies r˜eq(p, x) = r(x) so that one
has in equilibrium
∂feq(pi)
∂t
|sp + ∂feq(pi)
∂t
|rc = 0, (12)
for each parton component.
It should be noted that a na¨ıve relaxation equation,
which only depends on the parton density at the momen-
tum p, may exhibit unphysical behavior for the initial
conditions with many partons in high momentum region
because the recombination term can encourage them to
form partons with even higher momentum while the lower
momentum partons are still scarce.
Finite density effects on the equilibrium distributions
may be taken into account by introducing the effective
thermal mass mth ∼ α1/2s T which leads to in-medium
equilibrium distributions
fg,eq(p) =
dg
exp(
√
p2 +m2th/T )− 1
, (13)
fq,eq(p) =
dq
exp(
√
p2 +m2th/T ) + 1
, (14)
where dg and dq are the gluon and the quark degenera-
cies. dg = 16 and dq = 36 when Nf = 3. Both gluon and
quark distributions are finite at p = 0. T is the temper-
ature of a thermalized medium, which can be fixed from
the integrated momentum density
Pi =
∫
dpd
(2pi)d
pi[fg,eq(p) + fq,eq(p)]. (15)
The numbers of quarks and gluons at equilibrium for a
given temperature are also determined. The entropy den-
sity of the system can be defined as
s = dg
∫
dpd
(2pi)d
[f˜g ln f˜g − (1 + f˜g) ln(1 + f˜g)]
+ dq
∫
dpd
(2pi)d
[f˜q ln f˜q + (1− f˜q) ln(1− f˜q)], (16)
where one-particle distributions are defined as f˜g = fg/dg
and f˜q = fq/dq.
It should be noted that despite their similarities, our
equations of motion of the phase-space distributions (4),
(5), (10), and (11) are not Boltzmann equations. Also
our approach is different from the BK equation since the
distribution can be denser than f ∼ 1/αs near p = 0.
C. Off-shell conditions
The splitting processes are allowed when a parton in-
teracts with the medium and becomes off-shell. The
smearing effect in momentum space can be embedded in
the model by relativistic Fokker-Planck equation, which
takes account of parton-medium interactions. The equa-
tion reads for each component as
∂f
∂t
|FP = ∂
∂pi
[
Aif +
∂
∂pj
(Bijf)
]
= CFP, (17)
4where f = {fg, fq}. The coefficients Ai ∼ νpi and
Bij ∼ Dδij characterize the drag and the diffusion terms
in the small momentum limit. The equation is often em-
ployed for describing non-equilibrated heavy quarks in a
medium [49]. We apply it to the pre-equilibrated partons
here. It should be noted that diffusion would contribute
to isotropization, though it is not the main focus of this
paper. The coefficients are related to one another in rel-
ativistic Einstein relation as D = νET .
We would like to roughly estimate the drag and the
diffusion coefficients. The pure diffusion equation is an-
alytically known to yield a Gaussian distribution as the
solution for a delta function initial condition. The stan-
dard deviation is related to the diffusion coefficient D
as σ =
√
2Dt. Characteristic time is that of the in-
verse splitting rate 1/Γ defined in Eq. (9). On the other
hand, σ is related to the momentum smearing of a par-
ton after medium interaction. The transverse momentum
given from the medium before a parton splitting modifies
the overall momentum as p + ∆p ∼ p(1 + Q2/p2)1/2 ∼
p+Q2/2p. This implies
σ ∼ Q
2
2p
∼ qˆ
2pΓ
, (18)
and σth ∼ α1/2s T/2 in thermal media for p ≫ Q. Iden-
tifying the diffusion width at t ∼ 1/Γ with that of
thermal momentum smearing, the drag and the diffu-
sion coefficients in thermal media could be estimated as
νth ∼ α5/2s T and Dth ∼ α5/2s T 3.
III. NUMERICAL ANALYSES
We investigate the equilibration processes of the par-
ton splitting model qualitatively by numerical simulation.
The time evolutions of the parton distributions are con-
sidered in one-dimensional non-expanding systems. We
consider a CGC-like initial condition for the gluon dis-
tribution where fg(p < Qs) ∼ 1/αs and fg(p > Qs) ∼ 0.
We set αs = 0.2 and Qs = 2 GeV. The initial quark
distribution is set to vanishing, i.e., fq(p) = 0 reflecting
the fact that the pre-collision state is dominated by sat-
urated gluons. The initial time would be of the order
of the decoherence time t ∼ tdec ∼ O(1/Qs) [50]. Here
we choose the initial time t = 0.2 fm/c. The splitting
ratio Γ = α
3/2
s Teff and the drag coefficient ν = α
5/2
s Teff
are used as model parameters according to the discus-
sion in Sec. II for demonstration. Here Teff is defined as
the temperature of the medium when it is locally equili-
brated. The diffusion coefficient is given by the relation
D = νETeff . Infrared divergence, which exists in the
splitting functions, can be dealt with by introducing a
cut-off in momentum space.
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FIG. 2. (Color online) (a) The gluon phase-space distribution
in the initial state (t = 0.2 fm, solid line) and during the time
evolution in a pure gauge system (t = 0.8 fm, dashed line)
compared with that in equilibrium (dotted line). (b) The
same figure on a logarithmic scale.
A. Gluon system
We first consider a pure gauge system where only
gluon splitting and recombination processes are present
(Nf = 0). Fokker-Planck drag and diffusion effects are
taken into account. In this case, thermalization is the dy-
namics of interest as chemical equilibration does not exist
in the system a priori. The temperature for the equilib-
rium distribution T = 0.711 GeV is set so the momentum
densities of the initial and the equilibrium distributions
match.
The gluon distribution at t = 0.8 fm/c is shown in
Fig. 2. One can see that the splitting process introduces
low-momentum gluons to the system and makes visible
contribution to thermalization. The recombination pro-
cess reduces infrared behavior at vanishing momentum
and produces partons beyond the saturation momentum
as one can see in the figure on a logarithmic scale. Near-
complete transition to the equilibrium distribution can be
found in the current parameter settings, suggesting that
5the splitting and recombination processes would play an
important role in heavy ion dynamics. The entropy den-
sity is found to increase monotonously during the time
evolution, satisfying the second law of thermodynamics.
B. Quark-gluon system
The gluon and the quark distributions before and dur-
ing the time evolution (t = 0.8 fm/c) are shown in Fig. 3
and 4, respectively. The number of flavors is set to
Nf = 3. The initial conditions are the same as the ones
in the previous calculation but the temperature of the
equilibrium distributions is 0.458 GeV because of the ad-
ditional degrees of freedom by quarks. One can see that
the distributions again rapidly approach the equilibrium
ones. Chemical equilibration of quarks and gluons are
reasonably fast, but would be slower than gluon ther-
malization, possibly because of the difference in the co-
efficients for the splitting functions. The equilibration of
the quark distribution occurs in ∼2 fm/c in the current
parameter settings. Also the shape of the quark distri-
bution closely follows that of the gluon distribution since
quarks are created via pair production from gluons.
If the number of quarks are relatively small in com-
parison to the equilibrium one as suggested in Fig. 4,
no Fermi degeneracy pressure would be developed in the
QGP. On the other hand, if there were no recombination
processes or they were considerably weaker, the quark
distribution can hit the limit of Pauli exclusion princi-
ple near p = 0. Fig. 5 shows the distributions after the
time evolution with only splitting processes. This implies
that recombination processes are the key in a quark-gluon
system because when the splitting is dominant against
the recombination near the vanishing momentum, the
fermion production would be suppressed due to its quan-
tum statistics and chemical equilibration could become
significantly slower.
IV. DISCUSSION AND CONCLUSION
We have developed a model description of thermal and
chemical equilibration of a gluon matter in high-energy
heavy ion collisions based on collinear splitting of par-
tons. The rapid production of low-momentum gluons
from the collinear splitting processes encourages the early
thermalization. Recombination is introduced so the sys-
tem would be stable at the maximum entropy state. Ef-
fects of medium interaction are taken into account via rel-
ativistic Fokker-Planck equation, which encodes off-shell
conditions in the coefficients Ai and Bij . It should be
noted that the diffusion also encourages isotropization.
Numerical demonstration in a one-dimensional non-
expanding system shows that time evolution in the
collinear splitting model with the decay rate and the
momentum smearing coefficients implied from a weakly-
coupled picture leads to thermalization of a color glass
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FIG. 3. (Color online) (a) The gluon phase-space distribution
in the initial state (t = 0.2 fm, solid line) and during the time
evolution with Nf = 3 (t = 0.8 fm, dashed line) compared
with that in equilibrium (dotted line). (b) The same figure
on a logarithmic scale.
condensate-like gluon distribution in a very short time in
a pure gauge system. This implies that the processes are
essential in the early stages of the high-energy nuclear
collisions. Chemical equilibration of quarks and gluons,
as well as thermalization of quarks, are also reasonably
fast given the weak coupling nature of the model, but
could be slower than gluon thermalization. Note that
the coefficients are roughly estimated and refinement is
necessary for more quantitative discussion.
It would be important to numerically investigate the
magnitude of each process more precisely in three-
dimensional systems, especially because it is required for
the discussion on isotropization. Effects of expansion in
the heavy ion system can also be implemented as dis-
cussed in Appendix A. Running coupling may be intro-
duced for more accuracy. Further future prospects in-
clude the application of our model to the later stages in
heavy ion collisions. The off-equilibrium corrections to
the distribution might be attributed to the initial dissi-
pative quantities for the fluid dynamic stage [51], which is
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FIG. 4. (Color online) (a) The quark phase-space distribution
in the initial state (t = 0.2 fm, solid line) and during the time
evolution (t = 0.8 fm, dashed line) with Nf = 3 compared
with that in equilibrium (dotted line). (b) The same figure
on a logarithmic scale.
an interesting topic by itself because so far little is known
about those quantities. It is also important that if chem-
ical equilibration is not complete at the onset of the ther-
malized stage, one might need to have a two-component
fluid for the description of the QGP dynamics.
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Appendix A: EFFECTS OF EXPANSION
The effect of expansion in a heavy ion system can be
included by introducing the drift term individually to the
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FIG. 5. (Color online) The phase-space distributions in the
initial state (t = 0.2 fm, solid line) and during the time evo-
lution (t = 0.8 fm, dashed line) compared with those in equi-
librium (dotted line) with no recombination processes for (a)
gluons and (b) quarks.
equations of motion for gluon and quark distributions:
∂f
∂t
+
pz
E
∂f
∂z
= Csp + Crc + CFP. (A1)
The expansion term can be alternatively expressed as
pz
E
∂f
∂z
= −pz
t
∂f
∂pz
(A2)
at z = 0 for boost invariant expansion in z direction [52]
since τ = t at mid-rapidity. The drift term can be inter-
preted as an external force decreasing with time that ex-
pands the system. In the absence of the splitting, the re-
combination and the Fokker-Planck terms, this equation
allows a free-streaming solution f(t, pz) = f(t0, pz
t
t0
).
The equation implies that the transverse momentum
distribution would not be directly modified by expansion
at pz = 0. However the thermalization dynamics is in-
directly affected since the decrease in the temperature
alters the thermal equilibrium distribution itself.
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